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that these conditions are also necessary. It remains, therefore, only to ex- 
amine the case when H has two independent generators whose orders are not 
powers of the same prime number. 

In this general case, we may write h in the form i'op^pl' . . . and ob- 
serve that each of the subgroups whose orders are 3"<>, ^jspj», . . . is either 
cyclic or the direct product of two cyclic groups.* The necessary and sufficient 
conditions that Sy and «2 can be so chosen as to generate a group which contains 
any- one of these subgroups, as H, have been determined. If these conditions 
are satisfied for each of the given subgroups, we may suppose «i and «j so 
formed as to generate the group formed by establishing a (3"«,j?f>,jpj« . ■ • ) 
isomorphism between the separate group whose h's are powers of primes. If 
they are not satisfied in each instance, it follows from the equation s^ SiS^ = 1 
that there is no group in the infinite system under consideration which has this 
H. Hence this general case is included under the special cases considered above. 

Cornell University, July, 1901. 



ON THE INVARIANTS OF A QUADRANGLE UNDER THE LARGEST 

SUBGROUP, HAVING A FIXED POINT, OF THE GENERAL 

PROJECTIVE GROUP IN THE PLANE. *• 

By W. a. Granviixe. 

In the Annals of Mathematics, vol. 12, p. 82, Professor Lovett proposes 
the problem of finding the invariants of a quadrangle under the transforma- 
tions of the six parameter group in the plane generated by the infinitesimal 
ti-ansfonnations : 



.cp ;/p xf/ >jq .c^p + xyq xi/p + ^V/ 



This is the largest subgroup of the general projective group in the plane, 
which has a fixed point. The invariants found by Professor Lovett were 

• Cf. Bull. Amer. Math. Soc, toI. 7, 1901, p. 424. 

** Presented to the American Mathematical Society at its meeting, April 27, 1901. 
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XiJ/i - xn/i 



On trial it will be fouad that these functions do not satisfy the differen- 
tial equations of the complete system (6) on page 82 : 



and hence cannot be the invariant functions. 
The two solutions of (6) are found to be 



(6) 



c = _ wipi — moa nifa — Wj, 



and 



c» = 



\a5i X^/ \X2 xj 

(Ui _ y' ~ y^ \ ( yi - y« _ yi - y2 \ 

\Xi a:, — xg/ Va;, — a;^ as^ — xJ 

\Xy Xy — xJ \Xi -Xs Xi- xJ 



mio — win m-u — mia 
nijn — iWj4 * mjj — mjo 



where m^ is the slope of the line drawn from the point (x<, y<) to the point 
(«i. y*) » the origin being denoted by {x„, y^) . Hence the theorem : 
^a quadrangle (1234) be transformed by the Lie group 



xp yp xq yq x^p + xyq xyp + y^q 



the cross ratio of the pencil of lines drawn from any vertex of the pentagon 
(01234) to the remaining four vertices remains constant. 

If the problem be considered from the standpoint of projective geometiy, 
this result follows at once from the well known fact that the cross ratio of a 
pencil of any four concurrent lines is an invariant under any projective trans- 
formation. It is also evident that two of the cross ratios here considered are 
independent. 

Shrfiirld Scientific School o» Talk University, 
New Haven, Conmxcticut. 



